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Variational analysis for photonic molecules: Application to photonic benzene waveguides

Bin Shei Lin*
Division of Nanoscience, National Center for High-Performance Computing, Hsinchu, Taiwan 30077, Republic of China
(Received 21 April 2003; published 23 September 2003

A type of artificial molecule, called the photonic molecule, is investigated. It consists of coupled-defect
atoms in photonic crystals. We theoretically present a method to determine the frequency of each resonant
mode for the photonic molecule. Within the major band gap, the photonic molecule confines the resonant
modes that are closely analogous to the ground-state molecular orbitals of an analogous chemical molecule and
the corresponding electromagnetic spectrum is also isomorphous to the electric energy levels. By employing
the variational theory, the constraint determining the resonant coupling is formulated, which is consistent with
the results of both the scattering matrix method and the group analysis. In addition, a type of photonic
waveguide is proposed for the two-dimensional system that manipulates the mechanism of photon hopping
between photonic benzene and offers an optical feature of twin waveguiding bandwidths.
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[. INTRODUCTION very high transmission, and presents an optical feature of
twin waveguiding bandwidths in the 2D system, as shown in

In the past decade, photonic defects have attracted mudfig. 4.
attention because of their scientific and technological appli- Sievenpiper and co-workers are the first to propose the
cations in the realization of high-Q microcavities or high concept of embedding photonic defects in a photonic crystal
transmission waveguidé®/Gs) [1—7]. A defect atom can be by following the geometry of chemical moleculist]. They
embedded in a photonic crystal by perturbing the dielectrichave experimentally demonstrated that the frequency level
ity of a selected crystal “atom” that has photons with certainStructures of four photonic molecules correspond to the en-
frequencies locally trapped within the band gap of the surergy levels of the corresponding molecules in chemistry.
rounding crystal structure. If defect atoms are embedded bi{evertheless, the theoretical investigation on coupled-defect
design to form the so-called line defect then, within the bandnodes of the photonic molecule is necessary for further ap-
gap, it may provide a mechanism of photon propagation vidlication of photonic waveguides. In this study, we apply a
hopping from one defect atom to its neighbors with a highvariational approach to calculate the various coupled-defect
transmission[8—11]. Consequently, the integrated optical modes for photonic molecules, and for the 2D system we
circuits of functional elements can be realized through skill-further manipulate the four modes that are found in photonic
ful integration of photonic defects and WGs, and is expectedPenzene to constitute the so-called benzene waveguides.
to offer potential applications in telecommunicatidr®,13.

An important point that has received little attention is that
the formation of photonic WGs is conventionally considered
as the arrangement of the desired defect atoms along a line, Because of the importance of interpreting the mechanism
however, this approach has limited the potential of developyf defect coupling, there are mainly two solid-state theoreti-
ment. We suggest a broader vision of the manipulation ota| approaches, the tight-bindin@B) [8,9,11,15 and the
defect atoms through the investigation of photonic mol-\wannier function methods.6—18, which have been applied
ecules, which are defined as follows. In photonic crystals, they study the coupled cavities. The photonic version of TB
defect atoms are closely arranged to form a structure that igiethod extends the idea of linear combination of atomic
similar to a real molecule—so named because, within theypitals(LCAO), in which the defect modes are analogous to
major band gap, the resonant modes confined by such e atomic wave function, and suppose that only the nearest-
structure are closely analogous to the ground states of thgeighbor couplings are relevant to find the dispersion rela-
molecular orbitalSMOs) of a real molecule. For example, tjon for waveguide mode. For the latter, the localized defect
Fig. 1(a) shows a two-dimensiondlD) photonic molecule  modes are expanded by Wannier functions to calculate their
named as the photonic benzene, whose defect modes affensity variations, where the Wannier functions are calcu-
shown in Fig. 3. By employing the variational theory, the |ated by plane-wave method or TB method coupled with su-
constraint determining the resonant coupling of photonigyercell approximation. Here, another powerful approach of
molecule is formulated, which is consistent with the reSUItSvariationa| ana|ysis is proposed for many defect-atoms Sys-
from those of both the scattering solution and the grougem.
analysis. In particular, manipulating the mechanism of pho-  Considering first an electric resonant moHg(r) of a
ton hopping between photonic benzenes can provide theingle defect in a finite-size photonic crystal, the Maxwell
function of guiding photons along the benzene chain with g quations obeyed bi(r) can be further simplified as

Il. THE VARIATIONAL METHOD

*Electronic address: c00lbs00@nchc.org.tw HE4(r)=eq(r)(wq/c)?Eq4(r), 1)

1063-651X/2003/68)/0366118)/$20.00 68 036611-1 ©2003 The American Physical Society



BIN SHEI LIN PHYSICAL REVIEW E 68, 036611 (2003

(a) (b) ()

PO U & ® 0 0] 20 O % O
(o] (o] 15l ©o o o o
50 o o ©o0oeo0eo0dupp 0, °, 0 9
b o o o d
o ] o 0P O O ¢ ¢ O O© 105 ° . ° . ° N ° E
ol o ® ol sl O 0 e 0 e 0Qg 502 5°4 %0 ° FIG. 1. Formation of(a) pho-
.6 2. P oo e e 00O 0%e%e %0 tonic benzene(b) benzene WG of
0fo o e 0o e 0gq 0P, 0 0 0 Q9 a type, and(c) benzene WG ofr
- o 5 o] 3 o P ooeeoo|s5P %, °,09 type in a 2D hexagonal crystal;
[ 4 (] =57 00 eo0 e 0 d b o PY o 0 each solid dot denotes a defect
o ® Olib ooese oo 1009 5 ®60%0°%4 atom of radiusp.
B o e e o
-10 (o) o -5, "0 e o d
| O O @€ O ¢ O ¢ o o o o
(o) (o] (o) -15 -20p o ° o q
o O O e ¢ O O o ® [} o
_15 0 o 20 Q Q " 0 o :_25_0 a [« o o a q
=10 -5 0 5 -15 -10 -5 0 5 -10 0 10

where the operatdt is defined as- V2 for the TM modes of Namely,{} is equivalent to the familiar Rayleigh-Ritz prin-
the 2D system oV X VX for the 3D system. Alsogy(r) ciple. He.reHU- and S”. denote, respectively, the eIements of
denotes the dielectric constant of the single-defect systerf® Hamiltonian matrix and the overlap matrix. According to
andw, is the eigenfrequency of the eigenmdelgr). Those ~ EdS-(1) and(2), Hj; can be written as
modes that occur within the major band gap are of maximum,, _ T, b
concern in this paper and can be taken as real and normalize'dII (Ea(r—Ri)[H[Ea(r—R;))
by (wglc)?>=a for i=j
et B (wglc)?B, for (i,j) being the nearest-neighbor
(Eq(r)|eq(r)|Eq(r))y= €q(r)Eq4(r)-Eq(r)dr=1. (wd/c)Z,B2 for (i,j) being the second-neighbor
domain

ma (wgqlc)?Bs  for (i,j) being the third-neighbor,
For the same photonic crystal considered in 8g.but em- _ _ _ _
bedded with a photonic molecule, the allowed resonan}{]\/h(':'r(':''8(‘i.)7<Ed(r Ri)|ea(r —R))|Eq(r — Ry)) denotes the

modes are assumed as a superposition of the individual d opping integral whose magnitude measures the coupling
fect mode. Basically. it i pl P o the id f LCAO gtrength and decays rapidly with increasing the distdRge
ect mode. basically, 1t IS ahalogous {o the idea o '—Rjl, i.e.,|B1]>|B2|>|Bs| (the more the defect sites split,

nameby the weaker their coupling19]). Therefore, hopping terms
Nd
En(F)=E ChiE4q(r—Ry), 2) ok @y =0.419
o 0369| | 9175 0455
1ol 0508

whereE, (r) is thenth resonant mode of the photonic mol-
ecule,ny the number of defect atom€g,,; the undetermined
coefficient, andR; the coordinates of the ith defect atom.
Similarly, E,(r) satisfies Eq(1) but with €4(r) replaced by
the dielectric constang,(r) of the photonic molecule sys-
tem andwy replaced by the frequenay,, of the eigenmode
E,(r), that is,

)
=]
T

Transmittance (dB)
A )
(=] (=)

HEn(r):epm(r)(wnlc)zEn(r)- ©)
-50
Equation(2) associated with E(3) is a linear variational
problem. Assigning different coefficief,; to each modé&
may create differenE,,, but the structure of photonic mol- 69 ) - )
ecule will determine which resonant modes are allowed. This 0.35 0.4 0.45 0.5
inference will be reflected on restricting,,; to satisfy the Normalized Frequency @ (2nc/a)

minimum of functional frequency, defined as . . - )
q Y FIG. 2. Transmittance amplitude of electric field as a function of

normalized frequency for a 2D photonic benzéselid curve and

del (E (r)|A|E(N) 2 CniChjHij a defect atomdotted curve The marked values are four frequen-
Q(C,i)= n n =1 . cies of the highQ modes which are split from they due to defect
(En(1)] epm(r)| En(r)) Z CniCnjiS; coupling and fall in the major band gap whose range is as shown in
ij Fig. 4.
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TABLE I. The calculated values of normalized resonant frequencies and hopping parameters for photonic
benzene with differenp but the same dilectric constant as the host cylinders.

p oy on [op; w3 Wy B1 Bo Bs
0.0 0.419 0.455 0.375 0.369 0.508 0.178 0.051 —0.010
0.05 0.417 0.452 0.373 0.367 0.505 0.177 0.051 —0.009
0.1 0.409 0.442 0.369 0.361 0.493 0.171 0.048 —0.006

0.15 0.395 0.423 0.361 0.351 0.468 0.155 0.040 —0.002

can be classified according to the separation of the coupled Now, vary C,,; to minimize the functional frequenc{?,
defects. Here, only three relevant hopping terms are considwith the necessary condition ofdQ/dC,;=0, i
ered. Moreover, under the assumption that each individuak1,2, ... n,. One can obtain

defect mode is highly localized around its defect site, the

field overlap between different defect atoms is small and the

overlap integral§; can thus be approximated as Ng

121 [H” _((x)n/C)25ij]an=0.

Sj=<Ed(r_Ri)lepm(r)|Ed(r—Rj)>~5” . (4)

positive

negative

FIG. 3. (Color) Resonant electric field pattern in a 2D photonic benzeng=00 for the six lowest resonant modes with normalized
frequencies ofa) and(b) 0.369 withE; mode,(c) and(d) 0.455 withE, mode,(e) 0.375 withA; mode, andf) 0.508 withB, mode. In
general, the more the number of nodes, the higher the frequency.

036611-3



BIN SHEI LIN PHYSICAL REVIEW E 68, 036611 (2003

integrals. Furthermore, these hopping terms are dependent
upon the dielectric structure of the photonic molecule. There-
fore, every resonant mode is characterized by photonic mol-
ecule and exhibits different optical transmittance.

Ill. RESULTS FOR A PHOTONIC BENZENE

To check the accuracy of E¢p), we first apply Eq(5) to
the photonic benzene, which yields

Transmission (dB)

: (a) N ::ZT-'::::CJVVG]?# x type a— fy Bl ﬁz B?, BZ ﬁ]_
-50 n 1 L N L L 1 L 1 L N L L ~ ~

0.3 [ S 05 0.6 B a—v B Ba B B2

:éz Zgl a—vy :él 25'2 23'3 —0
233 25'2 231 a—vy 75'1 232 ’

Ba B B2 B1 a—v B
731 'Bz ’Bs 75’2 731 a—y

-20 ;

(6)

where we lety=(w,/c)? and B,=(wq4/c)?B; for simplifi-
cation. The determinant in E@6) is called the sixth-order
circulant and is equivalent to

=30 -_

Transmission (dB)

LT T line-defect WG
[ (b) benzene WG of ¢ type

6

R -y 7 27 37 47 5h 71—

0 =33 04 05 a6 1 [(a—y)+e.Br+eiBotelBs+erB,+eiBi]=0,
Normalized Frequency (® (27¢/a) n=1

FIG. 4. Transmission created by the 2D benzene WGg)ofr ~ Where e;,e,---eg are the six roots of unity, i.e.g,
type and(b) o type with p=0.0. Both types present the feature of =exp(2#in/6). Hence, fom=1,...,6, thefrequenciesw,
twin waveguiding bandwidths, marked As», andAwg. of the six resonant modds, can be found as

The constraint of resonant frequencies can thus be derived \/ 27n 27n N
from the solvability condition ofC,,;. This leads to wn=wg\/1+2 05— B1+2cos5— B+ (—1)"Bs.

)
Obviously, Eq.(7) indicates that there are two doubly

Equation(5) indicates that the allowed resonant frequen-degenerate frequencies with=1,5 andn=2,4, and two
cies in a given photonic molecule are dominated by hoppinghondegenerate frequencies with-3 andn=6, thus, four

de[Hij—(wn/C)zﬁij]ZO. (5)

FIG. 5. (Color) Electric field distribution of a TM light wittE, mode travels through a 90° bend in a 2D benzene WG where the junction
connects ar-type WG with ao type; incident wave with normalized frequencies 0.449 enters from the upper left.
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FIG. 6. (Color) Electric field distributions of a TM light with various modes travéi®m right to lefy through a 2D benzene WG af
type. The normalized frequencies from high to low are, respectiv@lyy =0.480 ofE, mode,(b) w=0.421 ofE, mode,(c) w=0.370 of
A; mode, andd) »=0.354 ofE; mode.

high-Q resonant frequencies will occur within the major again illustrates two doubly degenerate modeE pfor E, )
band gap. From the viewpoint of the symmetry group , theand E, (or E,,), and two nondegenerate modes/Af (or
photonic benzene belongs to the point graty for the 2D A, ) and B, (or B,y). Furthermore, these predictions are
or Dg, for the 3D systemgceylinders with a finite height  also consistent with the numerical solution of E8). that is
whose irreducible representatidh on defect sites can be calculated by scattering methoécf. Ref.[19]). The resultant
reduced to the decompositioni=A;+B,+E;+E, or I'  transmittance for the 2D case is plotted in Fig. 2, and the
=Ay,+Bygt Eigt Ey,, respectively. Exactly speaking, it allowed resonant modes are shown in Fig. 3, where we con-
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FIG. 7. (Color) Electric field distributions of a TM light with various modes travéi®m left to right) through a 2D benzene WG of
type. The normalized frequencies from high to low are, respectiv@lyy =0.500 ofB, mode,(b) = 0.444 ofE, mode,(c) w=0.371 of
A; mode, andd) »=0.362 ofE; mode.

sider a 2D finite-size hexagonal photonic crystal with a di-in which all the values of hopping parameters achieve the
electric contrast ratio 8.4/1.@od/backgroungand a radius- accuracy of two decimal places for Eg). It clearly shows
to-spacing ratio 0.4/4.0. The defect radjuss taken as zero. that the larger the defect radius is, the smaller hopping pa-
Figure 2 shows four normalized resonant frequenciesameters. This means that the defect couplings in photonic
0.369, 0.375, 0.455, and 0.508 that split frasg=0.419 benzene become weaker as the defect radius is increased.
due to the defect coupling in a photonic benzene. By substiMoreover, when the defect radigsis increased up to about
tuting these five frequencies into E{), the hopping terms 0.2, the property of four transmittance peaks disappears be-
B1, B2, and B3 can be calculated by least-squares methodcause of which the shallow perturbation of dielectricity for
and they are 0.178, 0.051, ard).010, respectively. Table | defect atoms will create shallow modgs.
summarizes four cases of defect sizes whose dielectric con- In fact, Eq.(3) is equivalent to the effective Shdimger
stant is assumed to be the same as that of the host cylindeesjuation of Hiakel 7-electron theory(developed in 1931
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[20]) if we make the resonant modes of 3D photonic benzener-type WG has upper bound at 0.48; it does not include the
to be analogous to ther electrons of benzene molecule. B, mode so that th&, mode is forbidden byr-type WGs.
However, Eq(3) is much simpler. Theoretically, the elec- Choosing thée, mode as an example, Fig. 5 shows that a
trons arise from a planar unsaturated organic molecule whoseM light with the E, mode travels through a 90° bend from
MOs can be divided into the and 7 MOs according to the the 7 type to theo type. Of course, the same phenomenon
reflection symmetry in the molecular plane. Both systemsan also be observed in other modes. In addition, Figs. 6 and
belong to the same point groupg, and have the same de- 7, respectively, show the propagation of various resonant
generacy(cf. Ref.[21], p. 261, but possess completely dif- modes inm-type ando-type benzene WG, where the inci-
ferent meanings. Conceptually, the photonic molecule acts agent frequencies are considered from high to low with vari-
a perfect model of artificial molecule, since the resonanbus modes. Each mode owns its waveguiding width that is
modes are much easier to be realized than the bonding orbiseparate from each other. Particularly, this feature has ex-
als of real molecule. Similar phenomena can also be found ioeeded the tranditional line-defect WG in the propagable
the quantum-dot molecul¢22] or the coupled pairs of GaAs modes.

cavities(note that these systems are also termed as photonic

molecule, cf. Bayeet al. [23]). Figure 3 shows the lowest V. CONCLUSION

resonant modes allowed in a 2D photonic benzene with

=0.0, and they are labeled according to the symmetry spe- In this study, we suggest a practicable idea for the ma-
cies of the groupCg,, which are analogous to the six ~ hipulation of photonic defects, which includes the so-called

MOs of benzene molecule but lack tlg,, symmetry. photonic molecule and benzene WG. The optical properties
of photonic molecules has been investigated by variational

IV. APPLICATION TO PHOTONIC BENZENE theory, which shows that the allowed resonant frequencies
WAVEGUIDES inside a photonic molecule are dominated by hopping param-

eters through the constrai®). Taking the photonic benzene

In this section, we first apply the modular concept to pho-as an example, six resonant modes with two doubly degen-
tonic benzene to create the photonic WG and called theserate and two nondegenerate modes are found and verified
WGs as benzene WGs. In the chemcal terminology, benzensy both the scattering matrix method and the group theory.
WGs can be classified asando types corresponding to the Especially, the benzene WGs created by the modular ma-
bonding types between two real benzene rings, as illustrategipulation of photonic benzenes are demonstrated to possess
in Figs. Xb) and Xc), and their transmission spectrum are the interesting feature of twin waveguiding bandwidths in
calculated by using the scattering matrix meti@@]. The  the 2D system. Namely, benzene WGs provide two working
incident electromagnetic waves are considered to propagatsandwidths at the same time and make the function of guid-
from top to bottom of Figs. (b) and Xc), and the measuring ing photons more flexible. Moreover, benzene WGs not only
line is set at the bottom of each crystal. Note that the benzengrovide a high transmission, but also offer more modes for
WGs calculated in this section are all 2D systems. propagation.

It is remarkable that transmission of the benzene WGs
reveals the special feature of twin waveguiding bandwidths
marked as\w, andAwg, whereAw,<Awg, as shown in
Fig. 4. This means that the benzene WGs are able to provide This work was supported by th@lobal Fiberoptics, Incl
two working bandwidths at the same time. For these twaam grateful for useful discussions with Professor Yu-Li Lee
types, theo type of benzene WG is numerically proved to (National Changhua University of EducatjpnProfessor
possess the wider waveguiding bandwidth and the higheChii-Chang Chen, Professor Pi-Gang Lu&fational Central
transmission thanr type. Actually, the second bandwidth of University), Dr. Ya-Chih Tsai, and Dr. Zheng-Yao Su.
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